We theoretically investigate the polarization-resolved dynamics of two vertical-cavity surface-emitting semiconductor lasers that are mutually coupled through coherent optical injection. We find a sequence of bistable polarization switchings that can be induced by either changing the coupling strength or the optical propagation phase. The successive polarization switchings are correlated to the creation of new compound-cavity modes when these parameters are continuously varied.
polarization switching (PS) scenario, where multiple PS occur when continuously varying either the coupling strength or the propagation phase between the two lasers. Each PS event is correlated to the creation of a new linearly polarized compound-cavity mode with higher gain. In addition, a bistable region appears around each PS which hysteresis width can be controlled by varying the coupling parameters. Controllable bistable PS in mutually-coupled VCSELs may add new functionalities to those applications employing a bistable region for fast switching applications. 7 Each solitary VCSEL is described according to the spin-flip model. 8 For moderate coupling strength, the interaction between the lasers is taken into account by including delayed optical injection terms. 9 The equations governing each laser reaḋ
where the subindices 1, 2 label the lasers. E ± are the circularly-polarized components of the electric field 2) . N represents the total inversion population while n is the difference of population inversions between the up/down spin reservoirs associated to emission of opposite circularly-polarized photons. We consider the same internal parameters for both VCSELs and a perfect alignment between their twô
x andŷ eigenaxes. The meaning and values of the parameters in Eqs. (1)- (3) are: linewidth enhancement factor α = 3, cavity decay rate κ = 300 ns −1 , total carrier number decay rate γ e = 1 ns −1 , amplitude anisotropy γ a = −0.1 ns −1 , phase anisotropy γ p = 3 ns −1 . We fix the normalized pump at µ = 1.5, where the solitary VCSELs emits in a stablex-polarization. The spin-flip rate is γ s = 1000 ns −1 , as reported in experiments on PS in VCSELs. 10 The distance between both VCSELs is only L=6 cm (coupling time τ = 0.2 ns). Ω is the optical frequency of the two free-running lasers. The coupling strength ξ and propagation phase Ωτ are our bifurcation parameters. The last term in the field Eq. (1) are Langevin noise sources that account for spontaneous emission processes F ± (t) = βγ e (N ± n)χ ± (t), where χ ± (t) are independent complex random numbers with zero mean and δ-correlation. The spontaneous emission factor is β = 10 −5 . In order to gain insight into the origin of the coupling-induced PS, we study the bifurcations of LP solutions of Eqs. (1)- (3) as the coupling strength and phase are changed. Two kinds of monochromatic LP solutions appear. Symmetric (asymmetric) fixed points corresponds to identical (different) output power and inversion of both lasers. In our case, numerical simulations indicate that only symmetric LP solutions are stable. Therefore, we concentrate our analysis to the symmetric fixed points. They are obtained by imposing the steady-state conditions
N 1,2 = N 0 , and n 1,2 = 0, where ϕ controls the polarization direction and φ takes into account the relative phase between the electric fields of both lasers. These conditions are only satisfied for a relative phase φ = 0 (φ = π) leading to in-phase (anti-phase) solutions. After a little of algebra, the frequency shift and inversion of the symmetric monochromatic solutions read
where ± stands forx andŷ states. As shown in Fig. 2 , the corresponding LP steady-states along thex and From the simulations, we find that the periodicity of PS, as ξ is varied, approximately equals the periodicity in the creation of a new saddle-node pair. It can be demonstrated that, for a fixed polarization and relative phase, the number of symmetric steady-states of Eq. (4)- (5) is proportional to 1 + ξτ 1 + α 2 1/2 /π.
Consequently, taking into account that the creation of new steady-states alternates between in-phase and anti-phase modes, the periodicity in the PS events when ξ is changed in a definite direction is approximately ∆ξ P S = π/τ 1 + α 2 1/2 . This value corresponds to the increase in ξ necessary to create a new pair of modes with a given polarization. For our set of parameters this quantity corresponds to 4.96 ns −1 , which agrees very well with the numerical results shown in Fig. 1 where different PS with the same transition (x →ŷ, for example) are observed to be separated by ∼ 5 ns −1 .
The PS events induced by changing the propagation phase can also be understood in terms of the bifurcation of the LP solutions. When the phase is continously decreased from 2π to 0 there is a pulling of the steady-states around the ellipses from the low to high inversion regions. At the same time, a new pair of saddle-node modes is created at the lowest vertex of each of the ellipses while they are annihilated by an inverse saddle-node bifurcation at the highest vertex. Since the process of creation of new pairs of modes at the lowest corner of the ellipse occurs in alternation for thex andŷ polarization modes, this results into PS events when varying the propagation phase. The transformation Ωτ → Ωτ + π interchanges the in-phase and anti-phase modes and defines the periodicity of the PS induced by phase changes. Similar bifurcation mechanism has been reported in mutually coupled edge-emitting lasers.
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In our VCSEL system the selection of stable compound-cavity modes may be accompanied by new features such as polarization switching with hysteresis. In conclusion, we have shown that mutually coupled VCSELs may lead to robust multiple bistable PS. A sequence of PS events appear when varying the coupling strength or the propagation phase, with a periodicity that is related to the creation of new compound-cavity modes with higher gain and orthogonal polarization.
Each PS event is accompanied by a large hysteresis whose width can be tuned by the coupling parameters.
Such controllable bistable PS system is interesting for fast optical switching applications. ) show the location of the symmetric fixed points in the N vs. ω phase space for ξ = 13 ns −1 , ξ = 13.25 ns −1 , ξ = 13.6, and ξ = 13.8 ns −1 , respectively. Diamonds and triangles stand for the in-phase and anti-phasex-polarized solutions. Squares and circles stand for the in-phase and anti-phasê y-polarized solutions. Arrows identify the attractor at which the system operates. 
